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Abstract—This paper considers numerical methods for approximating and simulating the Stokes–
Darcy problem, with a new boundary condition. We study a robust stabilized fully mixed dis-
cretization technique. This method ensures stability of the finite element scheme and does not use
any Lagrange multipliers to introduce a stabilization term in the temporal Stokes–Darcy problem
discretization. A correct finite element scheme is obtained and its convergence analysis is done.
Finally, the efficiency and accuracy of these numerical methods are illustrated by different numerical
tests.
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1. INTRODUCTION

In this article, we focus on the study of fluid flow in different domains and different physical situations,
for example, coupling of groundwater and surface flows, which is coupling of both surface and subsurface
flows. This model is described with the Stokes–Darcy equation. This relationship is provided by the
Stokes–Darcy linear equations with a contact interface. The Beavers and Joseph interface conditions
in the Stokes–Darcy model, which have become a most important topic in research, can be found
in [9–11]. Saffman modified this interface condition in [7, 40]. This model arises in the hydrology,
particularly, in groundwater flows, and in modeling of reservoirs in petroleum engineering. It is also used
for describing many natural and industrial phenomena in biomedicine and industrial processes [1, 7].

In different approximations, the Stokes–Darcy equations differ. A lot of effort and many techniques
have been applied in this connection to conduct numerical simulations (see [2, 3, 7, 33, 35, 44, 45]).
During the last decades, study of this problem has received a lot of attention, in particular related to a flow
in porous media In this case, there are several ways to define error estimators for these Stokes equations
by using the residual equation (see [2, 24]). Solving the Stokes equations and Navier–Stokes equations
governing a steady flow of viscous incompressible fluid can be found in [7, 28, 29]. These works laid
the basic foundation for approximation of coupled Navier–Stokes equations. In [17], Cao, Gunzburger,
He, and Wang investigated decomposition methods for a steady-state Stokes–Darcy system. A locally
conservative numerical method was applied to investigate coupled free and porous flow media in [23],
where the discontinuous Galerkin finite element method was applied to the Stokes region and the mixed
finite element method was used for the Darcy domain. A study with different cavities on the microscopic
scale using the Stokes model equations and the finite element method was performed by Arbogast et al.
in [4]. In [35], decoupled schemes for a non-stationary model were investigated. The unified stabilized
method was studied by Burman et al. [14]. Pearson, Pestana, and Silvester applied the refined saddle-
point preconditioning technique in [37] . Camaño, Gatica, Oyarzúa, Ruiz-Baier, and Venegas [16] used
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FINITE ELEMENT METHOD FOR THE STOKES–DARCY PROBLEM 137

new fully-mixed finite element methods for the coupled Stokes–Darcy equations. The reader can find
more works on the mixed formulation in [12, 16].

The rest of this paper is organized as follows. In Section 2, we give a short description of the
Stokes–Darcy fluid flow model with the Beavers–Joseph interface conditions. In Section 3, we give
some notations and the variational formulation for our problem. The numerical scheme for the model
is presented in Section 4. The stabilized finite element method and its stability will be discussed in
Section 5. The proof of our main result, i.e., error estimation for the coupled schemes, and analysis
of the finite element scheme are given in Section 6. Finally, in Section 7, we present 2D numerical tests
to show the accuracy of the numerical methods.

2. THE MODEL PROBLEM

It is of interest for us to consider a model that couples subsurface water and surface flows via
the Stokes–Darcy equations. Using these equations, we can model different domains and physical
situations to simulate realistic problems. These problems are presented by partial differential equations,
coupled in the interface.

Let Ωf and Ωp be two bounded domains of R
d (d = 2, 3), lying on both sides of an interface Γ,

where Ωf ∩ Ωp = ∅, Ω̄f ∩ Ω̄p = Γ, and Ω̄f ∪ Ω̄p = Ω. Note that nf and np are the unit outward normal
vectors on ∂Ωf and ∂ΩP ,respectively; (τi)i=1,··· ,d−1 are the unit tangent vectors to Γ, Γf = ∂Ωf\Γ and
Γp = ∂Ωp\Γ (see Fig. 1). To address the problem mentioned above, let np = −nf . Let us make clear
some notations that are introduced in this section and will be used in the remaining of this paper. Recall
that ∇ and ∇· are the gradient and divergence operators, respectively.

2.1. The Stokes Equation

Let uf (x) be the fluid velocity, p(x) the pressure, and μ a positive constant of viscosity. Consider the
following Stokes model:

{
−∇2μ uf + ∇p = f in Ωf ,

∇ · uf = 0 in Ωf ,
(1)

with a new boundary condition

Cμ,β : βuf + (∇μuf − pI) nf = gf . (2)

Here f(x) ∈ (L2(Ω))2, gf (x) ∈ (L2(Ω))2, p (x) ∈ L2(Ω), and β is a non-zero bounded continuous
function defined on Γf . Cμ,β will be called the Dirichlet condition if β � 1 and the Neumann condition
if β � 1.

Fig. 1. Problem domain Ω, consisting of fluid region Ωf and porous medium region Ωp, separated by interface Γ.
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2.2. The Darcy Equations

A porous media flow is governed by the following Darcy equation on Ωp at the fluid velocity up (x)
and the piezometric head h (x):

{
up = −K∇h in Ωp,

∇ · up = fp in Ωp,
(3)

with the boundary condition

up · np = gp on Γp. (4)

In this case, fp(x), gp(x) ∈ L2(Ω), and the piezometric head h(x) is an element of L2(Ω).
We introduce the following notation: f denotes the body forces in the fluid region, fp is the source

region in the porous media, K is the hydraulic conductivity tensor, μ is the viscosity of the fluid, and α is
a constant parameter. Assume that all material and fluid parameters are uniformly positive and bounded
and K is a symmetric positive matrix. Then

0 ≤ kmin|ζ|2 ≤ K ζ · ζ ≤ kmax|ζ|2 < ∞ for all ζ ∈ (R)d.

2.3. Interface Coupling

In this part, we consider the well-known Beavers–Joseph interface condition on the interface Γ (see
[8, 13] for more details):

⎧⎪⎨
⎪⎩

up · np + uf · nf = 0 on Γ,

p − μnf ∇uf · nf = ρgh on Γ,

−nf · ∇uf · τi = α√
τi·Kτi

uf · τi on Γ,

(5)

with 1 ≤ i ≤ d − 1. Equations (5) is a simplification of the more unconventional and realistic Beavers–
Joseph conditions, where uf · τi is replaced by ((uf − up) · τi) (see also [6]).

3. NOTATIONS AND THE VARIATIONAL FORMULATION

In this section, we first introduce some results about Sobolev spaces (see [1, 43]). Assume ‖ · ‖ is the
usual L2-norm for functions defined on Ωf or Ωp, which is set as follows:

∥∥p∥∥ =

⎛
⎜⎝
∫
Ωf

|p|2

⎞
⎟⎠

1
2

for all p ∈ L2(Ωf ),

∥∥vf

∥∥ =

⎛
⎜⎝

d∑
i=1

∫
Ωf

∣∣vi
f

∣∣2
⎞
⎟⎠

1
2

for all vf ∈
(
L2 (Ωf )

)d
,

∥∥∇vf

∥∥ =

⎛
⎜⎝

d∑
i=1

∫
Ωf

∣∣∇vi
f

∣∣2
⎞
⎟⎠

1
2

for all vf ∈
(
L2 (Ωf )

)d
,

(6)

and (·, ·) is the corresponding inner product over the interface Γ, as follows:
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(p, q) =
∫
Γ

p · q dΓ. (7)

Let Hdiv be the space of vector fields H(Ωp) with components in (L2(Ωp))d:

Hdiv = H(div,Ωp) =
{

vp ∈ (L2(Ωp))d : ∇ · vp ∈ (L2(Ωp))d
}

. (8)

We are in position to introduce (following [4, 13]) the spaces

Xf =
(
H1

0 (Ωf )
)2

,

Qf =

⎧⎪⎨
⎪⎩q ∈ L2 (Ωf ) ,

∫
Ωf

q (x) dx = 0

⎫⎪⎬
⎪⎭ ,

Qp = L2 (Ωp) ,

Xp = {vp ∈ Hdiv, ∇vp · np = g} .

(9)

The spaces Xf and Xp are equipped with the following norms:

‖vf‖1 = (‖vf‖ + ‖∇vf‖)
1
2 for all vf ∈ Xf ,

‖vp‖div = (‖vp‖ + ‖∇vp‖)
1
2 for all vp ∈ Xp.

(10)

The variational formulation of steady-state Stokes–Darcy problems (1)–(3) with new boundary
conditions (2) and (4) can be written as follows: Find (uf , p;up, h) ∈ (Xf , Qf ;Xp, Qp) that satisfy the
following conditions:

{
af (uf , vf ) − bf (vf , p) + cΓ (vf , h) = Lf (vf ) ,

bf (uf , q) = 0
(11)

for all (vf , q) ∈ Xf × Qf and

{
ap (up, vp) − bp (vp, h) − cΓ (vp, h) = 0,
bp (up, ψ) = ρg (fp, ψ)

(12)

for all (vp, ψ) ∈ Xp × Qp, where

af (uf , vf ) = a1 (uf , vf ) + aΓ (uf , vf ) ,

a1 (uf , vf ) = μ

∫
Ωf

∇uf · ∇vf +
d−1∑
i=1

α√
τi · Kτi

(uf · τi, vf · τi) ,

aΓ (uf , vf ) =
∫
Γ

βuf · vf ,

bf (vf , p) = (p,∇ · vf ) ,

cΓ (vf , h) = ρg (h, vf · nf )Γ ,

ap (up, vp) = ρg
(
K−1up, vp

)
,

bp (vp, h) = ρg (h,∇ · vp) ,

Lf (vf ) = (ff , vf ) +
∫
Γ

gf · vf ,
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in the sense that

L (uf , p, up, h; vf , q, vp, ψ) = af (uf , vf ) − bf (vf , p) + bf (uf , q)
+ ap (up, vp) − bp (vp, h) + bp (up, ψ) + cΓ (vf − vp, h) .

(13)

Equations (11) and (12) are equivalent to the following:

⎧⎨
⎩

Find (uf , p;up, h) ∈ (Xf , Qf ;Xp, Qp) that satisfy
L (uf , p, up, h; vf , q, vp, ψ) = ρg (fp, ψ) + Lf (vf )
for all (vf , q; vp, ψ) ∈ (Xf , Qf ;Xp, Qp) .

(14)

It is easy to check that (14) is uniquely-defined (see [21, 45]).
Recall also the Poincaré, Korn, and trace inequalities, which will be used in the next section: there

exist constants CP , CK , and Cv that depend only on the spaces and are such that for all vf ∈ Xf

∥∥vf

∥∥ ≤ CP |vf |1, (15)

|vf |1 ≤ CK

∥∥∇vf

∥∥, (16)

and for all vf ∈ L2 (Γ),

∥∥vf

∥∥
L2(Γ)

≤ Cv |vf |
1
2
1

∥∥vf

∥∥ 1
2 . (17)

Similarly, there exist constants C̃v that depend only on Ωp and are such that for all ψ ∈ Qp

∥∥ψ∥∥
L2(Γ)

≤ C̃v |ψ|
1
2
1

∥∥ψ∥∥ 1
2 . (18)

Hereafter, all the constants are positive unless otherwise specified.

4. NUMERICAL SCHEME

Consider a family of triangulations Th = T f
h ∪ T p

h for Ω = Ωf ∪ Ωp, separated by the interface Γ,

where T f
h and T p

h are regular triangulations of Ωf and Ωp,respectively. For uniformly regular triangu-
lation, Ω =

⋃
K∈Th

K and there exist positive constants c1 and c2 such that

c1h ≤ hK ≤ c2ρK

for approximation of the diameter hK of the triangle (tetrahedral) K and the diameter ρK of the ball
included in K, where h is a positive parameter defined as h = max

K∈Th

hK .

From the parts T f
h and T p

h , for Th we define finite element spaces Xfh ⊂ Xf , Qh
fh ⊂ Qf , Xph ⊂ Xp,

and Qph ⊂ Qp. We also consider the well-known MINI elements (P1b–P1) to approximate the velocity
and pressure in the Stokes equation (see [44]). The fully mixed technique uses Lagrangian elements P1
for the hydraulic (piezometric) head and Brezzi–Douglas–Marini piecewise constant finite elements
BDM1 for the Darcy velocity (see [45]). For the Stokes problem in the fluid flow region, we select
finite element spaces (Xfh, Qfh) that satisfy the inf–sup condition: there exists a constant βf > 0
(independent of h) such that

inf
qh∈Qfh, qh �=0

sup
vh

f ∈Xfh, vh
f �=0

bf

(
vh
f , qh

)
∣∣vh

f

∣∣
1

∥∥qh
∥∥ ≥ βf (19)
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for all vh
f ∈ Xfh and qh ∈ Qfh.

In the porous region, we use finite element spaces (Xph, Qph) that satisfy the standard inf–sup
condition: there exists a constant βp > 0 such that for all qh ∈ Qph

βp‖qh‖ ≤ sup
vh

p∈Xph,vh
p �=0

bp(vh
p , qh)

‖vh
p‖div

. (20)

From assumption (19) and for an arbitrary (but fixed) pressure ph in Qfh, we get a function wh
f in

Xfh such that

bf

(
wh

f , ph
)
≥ C̃1

∥∥wh
f

∥∥
1

∥∥ph
∥∥, (21)

where wh
f is normalized as

∥∥wh
f

∥∥
1

= λ1

∥∥ph
∥∥. We have

bf

(
wh

f , ph
)
≥ C1

∥∥ph
∥∥2

. (22)

Similarly, from assumption (20) and for hh ∈ Qph, we get that there exists wh
p ∈ Xph such that

bp

(
wh

p , hh
)
≥ C̃2

∥∥wh
P

∥∥
div

∥∥hh
∥∥. (23)

By normalizing it so that
∥∥wh

p

∥∥
div

= λ2

∥∥hh
∥∥, we have

bp

(
wh

p , hh
)
≥ C2

∥∥hh
∥∥2

. (24)

Finally, there exist two constants Cinv and C̃inv depending on the minimum angles of the mesh in Ωf

and Ωp such that

∣∣vh
f

∣∣
1
≤ Cinvh

−1
∥∥vh

f

∥∥ for all vh
f ∈ Xfh, (25)

∣∣ψh
∣∣
1
≤ C̃invh

−1
∥∥ψh
∥∥ for all ψh ∈ Qph. (26)

These inequalities in Xfh and Qph will be useful in the sections below.

5. STABILITY OF THE METHOD

In this section, we will mostly work with the stabilized finite element scheme for our problem, in the
sense that

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

Find
(
uh

f , ph;uh
p , hh

)
∈ (Xfh, Qfh;Xph, Qph) satisfying

L̃
(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)
= ρg

(
fp, ψ

h
)

+ Lf

(
vh
f

)

for any
(
vh
f , qh, vh

p , ψh
)
∈ (Xfh, Qfh;Xph, Qph) ,

(27)

where

L̃
(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)
= L

(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)

+
δ

h

((
uh

f − uh
p

)
· nf ,

(
vh
f − vh

p

)
· nf

)
Γ

(28)
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The stabilization term for the Stokes–Darcy problem is

δ

h

((
uh

f − uh
p

)
· nf ,

(
vh
f − vh

p

)
· nf

)
Γ

=
δ

h

∫
Γ

((
uh

f − uh
p

)
· nf

)((
vh
f − vh

p

)
· nf

)
dΓ.

In order to prove the stability of finite element scheme (27), let us define the norm

∣∣∣∥∥uh
f , ph, uh

p , hh
∥∥∣∣∣ = ∥∥uh

f

∥∥
1
+
∥∥ph
∥∥+
∥∥uh

p

∥∥
div

+
∥∥hh
∥∥+ h− 1

2

∥∥uh
f − uh

p

∥∥
Γ
, (29)

and prove the continuity and coercivity of problem (28).

(i) Continuity of the stabilized finite element scheme.

Theorem 1. There exists a constant C such that

L̃
(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)
≤ C

(∣∣∣∥∥uh
f , ph, uh

p , hh
∥∥∣∣∣) (∣∣∣∥∥vh

f , qh, vh
p , ψh

∥∥∣∣∣) (30)

holds for all
(
vh
f , qh, vh

p , ψh
)
∈ (Xfh, Qfh,Xph, Qph).

Proof. By using Schwartz inequality (18) and inverse inequality (25) for aΓ

(
uh

f , vh
f

)
, we have

aΓ

(
uh

f , vh
f

)
≤ C1

∥∥uh
f

∥∥∥∥vh
f

∥∥, (31)

where C1 = h− 1
2 C

1
2
invCv. This ensures that

af

(
uh

f , vh
f

)
≤ (1 + C1)

∥∥uh
f

∥∥∥∥vh
f

∥∥.
Similarly, for cΓ

(
uh

f − uh
p , hh

)
and δ

h

((
uh

f − uh
p

)
· nf ,

(
vh
f − vh

p

)
· nf

)
Γ

, we obtain

cΓ

(
uh

f − uh
p , hh

)
≤ C2h

− 1
2

∥∥(uh
f − uh

p

)
· nf

∥∥
Γ

∥∥hh
∥∥, (32)

where C2 = ρg C̃invC̃v and

δ

h

((
uh

f − uh
p

)
· nf ,

(
vh
f − vh

p

)
· nf

)
Γ
≤ h− 1

2

(
δ
∥∥ (uh

f − uh
p

)
· nf

∥∥
Γ

∥∥(vh
f − vh

p

)
· nf

∥∥
Γ

)
. (33)

Now we can use (31)–(33) in

L̃
(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)
= af

(
uh

f , vh
f

)
− bf

(
vh
f , ph

)
+ bf

(
uh

f , qh
)

+ ap

(
uh

p , vh
p

)
− bp

(
vh
p , hh

)
+ bp

(
uh

p , ψh
)

+ cΓ

(
vh
f − vh

p , hh
)

+
δ

h

((
uh

f − uh
p

)
· nf

)((
vh
f − vh

p

)
· nf

)
Γ

(34)

to complete the proof of the continuity of the stabilized finite element scheme. �
(ii) Coercivity of the stabilized finite element scheme.

Theorem 2. There exists a constant β > 0 such that the inequality
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sup
(uh

f ,ph,uh
p ,hh)∈(Xfh,Qfh;Xph,Qph)

L̃
(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)
∣∣∣∥∥vh

f , qh, vh
p , ψh

∥∥∣∣∣ ≥ β
∣∣∣∥∥uh

f , ph, uh
p , hh

∥∥∣∣∣ (35)

holds for all
(
vh
f , qh, vh

p , ψh
)
∈ (Xfh, Qfh,Xph, Qph).

Proof. In this proof we construct
(
v̂h
f , q̂h, v̂h

p , ψ̂h
)

such that

L̃
(
uh

f , ph, uh
p , hh; v̂h

f , q̂h, v̂h
p , ψ̂h

)
≥ C

(∣∣∣∥∥uh
f , ph, uh

p , hh
∥∥∣∣∣) (∣∣∣∥∥v̂h

f , q̂h, v̂h
p , ψ̂h

∥∥∣∣∣) . (36)

For the sake of clarity we divide the proof into steps.

Step 1. Setting
(
vh
f , qh, vh

p , hh
)

=
(
uh

f , ph, uh
p , hh + ∇ · uh

p

)
, we obtain

L̃
(
uh

f , ph, uh
p , hh;uh

f , ph, uh
p , ψh + ∇ · uh

p

)
=
∥∥uh

f

∥∥2

1
+
∥∥uh

f

∥∥2

Γf
+
∥∥uh

p

∥∥2

div

+
δ

h

∥∥uh
f − uh

p

∥∥2

Γ
+ cΓ

(
uh

f − uh
p , hh

)
.

(37)

We have

af

(
uh

f , uh
f

)
≥ C̄

∥∥uh
f

∥∥∥∥uh
f

∥∥,
L̃
(
uh

f , ph, uh
p , hh;uh

f , ph, uh
p , ψh + ∇ · uh

p

)
≥ C̄

∥∥uh
f

∥∥2

1
+
∥∥uh

p

∥∥2

div

+
δ

h

∥∥uh
f − uh

p

∥∥2

Γ
+ cΓ

(
uh

f − uh
p , hh

)
.

(38)

It is easy to see that

cΓ

(
uh

f − uh
p , hh

)
≥ −(ρgCvCinv)

2

γhC2

∥∥(uh
f − uh

p

)
· nf

∥∥2

Γ
− γC2

4

∥∥hh
∥∥2

,

where γ is a real positive parameter defined below.

Step 2. Let
(
vh
f , qh, vh

p , hh
)

=
(
− γW h

f , 0,−γW h
p , 0
)
, where W h

f and W h
p satisfy (23) and (24), respec-

tively. One can see that, based on the definition
∥∥(W h

f −W h
p

)
· nf

∥∥
Γ

= λ3

∥∥(uh
f − uh

p) · nf

∥∥
Γ

,
∥∥W h

f

∥∥
Γ

=
λ3

∥∥uh
f

∥∥
Γ

and the fact that (21)–(24) hold true, we have

L̃
(
uh

f , ph, uh
p , hh;−γW h

f , 0,−γW h
p , 0
)
≥ −γλ2

1

2C1

∥∥uh
f

∥∥2

1
− γλ2

2

2

∥∥uh
p

∥∥2

div

∥∥hh
∥∥+

γC1

2

∥∥ph
∥∥2

+γC2

∥∥hh
∥∥2 − γδλ3

h

∥∥(uh
f − uh

p

)
· nf

∥∥2

Γ

−γλ2
3ρ

2g2Ĉ2
v Ĉ2

inv

hC2

∥∥(uh
f − uh

p

)
· nf

∥∥2

Γ
,

where δ is a real parameter defined in the next step.
Let us use the following two Young properties:
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γλ2

∥∥uh
p

∥∥
div

∥∥hh
∥∥ ≤ γλ2

2

C2

∥∥uh
p

∥∥2

div
+

γC2

4

∥∥hh
∥∥ (39)

and

γλ3ρgĈvĈinvh
− 1

2

∥∥(uh
f − uh

p

)
· nf

∥∥
Γ

∥∥hh
∥∥ ≤ γλ2

3ρ
2g2Ĉ2

v Ĉ2
inv

hC2

∥∥(uh
f − uh

p

)
· nf

∥∥2

Γ
+

γC2

4

∥∥hh
∥∥2

.

For aΓ

(
uh

f , vh
f

)
we have the following estimate:

0 ≤ aΓ

(
uh

f , vh
f

)
=
∥∥uh

f

∥∥
Γ
≤ C1h

− 1
2

∥∥uh
f

∥∥∥∥vh
f

∥∥, (40)

where C1 = C
1
2
invCv.

Step 3. Denote
(
v̂h
f , q̂h, v̂h

p , ĥh
)

=
(
uh

f − γwh
f , ph, uh

p − γwh
p , ψh + ∇ · uh

p

)
and L̃h = L̃

(
uh

f , ph, uh
p , hh;

uh
f − γwh

f , ph, uh
p − γwh

p , ψh + ∇ · uh
p

)
. Then

L̃h ≥
(

1 − λ2
1

2C1
− γC2

vC2
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hC2

)∥∥uh
f

∥∥2

1
+
(
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2

2C1
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p

∥∥2
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+

γC1

2

∥∥ph
∥∥2 +

γC2

4

∥∥hh
∥∥2

+

(
δ
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h
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v Ĉ2
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γhC2
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3ρ
2g2Ĉ2

v Ĉ2
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hC2

)∥∥ ∣∣∣uh
f , ph, uh

p , hh
∣∣∣ ∥∥2

.

(41)

Now we can ensure that the conditions on γ and δ are true by using

1 − C̄1 −
γλ2

1

C1
≥ 1

2
, 1 − γλ2

2

C2
≥ 1

2
, 1 − γλ3 ≥ 1

4
,

δ
1 − γλ3

h
− ρ2g2Ĉ2

v Ĉ2
inv

γhC2
− γλ2

3ρ
2g2Ĉ2

v Ĉ2
inv

hC2
≥ δ

2h
.

We use the parameters γ and δ (where γ is small and δ is large enough):

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

γ ≤ min
{(

C1

λ2
1

− 2CvC
2
invC1

λ2
1h

1/2

)
,
2C2

λ2
2

,
1

4λ3

}
,

δ ≥ 4ρ2g2Ĉ2
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γC2

(
1 + γ2λ2

3

)
.

We obtain

L̃h ≥
(
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1

2C1
− γC2
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4

∥∥hh
∥∥2

+

(
δ

h
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h
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3ρ
2g2Ĉ2
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hC2

)∥∥∣∣uh
f , ph, uh

p , hh
∣∣∥∥2

≥ C4

∥∥∣∣uh
f , ph, uh

p , hh
∣∣∥∥ ∥∥∣∣uh

f − γwh
f , ph, uh

p − γwh
p , ψh + ∇ · uh

p

∣∣∥∥
= C

∥∥∣∣uh
f , ph, uh

p , hh
∣∣∥∥ ∥∥∣∣ûh

f , p̂h, ûh
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∣∣∥∥.
This concludes the proof of this theorem. �
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6. ERROR ESTIMATE

Now we can derive the error estimate. This estimate is based on the continuity and coercivity of the
stabilized finite element scheme.

Theorem 3. Let (uf , p, up, h) be the exact solution and
(
uh

f , ph, uh
p , hh

)
be the stabilized finite

element solution;
∥∥uf

∥∥
2
,
∥∥p∥∥,

∥∥up

∥∥
2

and
∥∥h∥∥ are bounded norms. We have

∥∥uf − uh
f

∥∥
1
+
∥∥p − ph

∥∥+
∥∥up − uh

p

∥∥
div

+
∥∥h − hh

∥∥ ≤ Ch,

for all (uf , p, up, h) ∈ (Xf , Qf ,Xp, Qp) and
(
uh

f , ph, uh
p , hh

)
∈ (Xfh, Qfh,Xph, Qph).

Proof. By subtracting (27) from (14) and using the first equation in (5) on the interface, we define the
error equation as follows:

L
(
uf , p, up, h; vh

f , qh, vh
p , ψh

)
− L̃

(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)

= L̃
(
uf , p, up, h; vh

f , qh, vh
p , ψh

)
− L̃

(
uh

f , ph, uh
p , hh; vh

f , qh, vh
p , ψh

)

= L̃
(
uf − uh

f , p − ph, up − uh
p , h − hh; vh

f , qh, vh
p , ψh

)
= 0.

(42)

In the view of the interpolation
(
ūf , p̄, ūp, h̄

)
of the solution (uf , p, up, h) from (Xf , Qf ,Xp, Qp) into

the finite element spaces (Xfh, Qfh,Xph, Qph), we can split the errors into two parts:

uf − uh
f = (uf − ūf ) +

(
ūf − uh

f

)
= ēf − eh

f , (43)

p − ph = (p − p̄) −
(
p̄ − ph

)
= η̄ − ηh, (44)

up − uh
p = (up − ūp) +

(
ūp − uh

p

)
= ēp − eh

p , (45)

and

h − hh =
(
h − h̄

)
+
(
h̄ − hh

)
= θ̄ − θh. (46)

The interpolation errors are determined as follows:

∥∥ēf

∥∥
1
+
∥∥η̄∥∥ ≤ Ch

(∥∥uf

∥∥
2
+
∥∥p∥∥

1

)
, (47)

∥∥ēp

∥∥
div

+
∥∥θ̄∥∥ ≤ Ch

(∥∥up

∥∥
2
+
∥∥h∥∥

1

)
. (48)

We can see that

L̃
(
eh
f , ηh, eh

p , θh; vh
f , qh, vh

p , ψh
)

= −L̃
(
ēf , η̄, ēp, θ̄; vh

f , qh, vh
p , ψh

)
. (49)

From the continuity condition in Theorem 1, the coercivity of L̃ in Theorem 2, and the trace and inverse
inequalities, we have
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(50)

Finally, from the interpolation error, we deduce estimate (42). �

7. NUMERICAL EXPERIMENTS

In this section, we present results of a numerical experiment based on the mixed finite element
method, presented in this article, with application of the simulator Comsol Multiphysics. This simulator
using many solvers. In this numerical test we use the MUMPS solver to illustrate the accuracy
and efficiency of this method. We consider a global domain Ω = [0, 1] × [−0.45, 0.15] of numerical
computations for a coupled system, with a fluid flow region Ω1 = [0, 1] × [−0.45, 0] and porous medium
domain Ω2 = [0, 1] × [0, 0.15]. The interface in the computational domain is Γ = [0, 1] × {0}.

For the numerical test we take the physical parameters given in Table 1 and the Stokes equation
boundary conditions defined as follows:

Cμ,β : (∇μuf − pI)nf = 0.

An injection source ρup · np = 1000K g/s is placed in the middle left-hand corner of the reservoir and
an injection source ρup · np = 0 Kg/s is in the outlet in the top right-hand corner of the domain Ω. The
Darcy boundary value problem is defined as follows:

up · np = 0.

The velocity and the pressure for this problem are calculated using a normal mesh (Fig. 2). We made
a comparison with a numerical test with very fine mesh.

Figure 3 illustrates the velocity for our example with a normal mesh and very fine mesh.
Figure 4 shows pressure contours in the fluid flow region with a normal mesh and very fine one.

Figure 5 demonstrates pressure contours in porous medium with a normal mesh and very fine one.
To investigate the effect of mesh on the error and convergence of finite element scheme, we perform

several numerical tests with different mesh size (Fig. 6).

Table 1. Physical parameters of governing equations

Parameter Value Unit

Mass density 1000 kg/m3

Dynamic viscosity 1 Pa · s

Permeability 0.5 m2

Porosity 0.1 1
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Fig. 2. Normal mesh of domain Ω.

Fig. 3. Velocity contour with using mixed finite element method.

Fig. 4. Pressure contour in Ω1 with using mixed finite element method.

Fig. 5. Pressure contour in Ω2 with using mixed finite element method.

Table 2 presents different characteristics of the meshes: number of elements and max size and min
size of elements.

Now, we will present the variation of the error as a function of the number of iterations for a normal
mesh (Fig. 7). To investigate the effect of mesh on the error and convergence for the finite element
scheme, we perform several numerical tests at different mesh sizes (see the figures). In these simulations,
we use the MUMPS solver, which is very useful for solving large sparse linear systems.
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Fig. 6. Different meshes of domain Ω.

Fig. 7. Error vs. number of iterations for normal mesh.

Table 2. Characteristics of meshes

Mesh Number of elements Maximum element size Minimum element size

Very coarse 306 0.67 0.002

Coarse 487 0.1 3.0E − 4

Normal 892 0.053 1.60E − 4

Fine 1331 0.037 1.25E − 4

Very fine 2267 0.0266 1.01E − 4

Figure 8 presents the variation of the error as a function of the number of iterations for the mesh
presented in Fig. 3.

Figures 7 and 8 show that if the mesh is small, the number of iterations to obtain a good solution is
less.

Table 3 presents the errors for our problem on different meshes. Let the error Erru =
∥∥u − uh

∥∥
0
,
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Fig. 8. Error vs. number of iterations for different meshes (Fig. 3.)

Table 3. Errors for the velocity and pressure equations

Numbers of elements Erru Errp

306 0.0013 0.00047

487 0.0011 0.00038

892 0.0008 0.00029

1331 0.00053 0.0002

2267 0.00053 0.00018

where u is the velocity in the fluid flow region, and Errp =
∥∥p − ph

∥∥
0

, where v is the pressure in the
porous medium.

Table 3 shows the efficiency of this method; when the mesh is fine enough, the error approaches zero.

8. CONCLUSIONS

In this paper, we investigated application of the mixed finite element method to solve the Stokes–
Darcy model with a new boundary condition. In this study, we used discretization of mixed finite element
methods to analyze the stability and convergence. We proposed a stabilized finite element scheme. To
ensure robustness, we introduce a stabilization term of the temporal discretization. To show the feature of
this scheme and the numerical methods, we performed a numerical test on another mesh and compared
the results. The numerical test has shown the accuracy and efficiency of the proposed mixed finite
element method.
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